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Abstract

It is well-kl)owll that there are significant deterministic ambiguities inherent in trying
to determine the particular rain rate profile which produced some given sequence of air- or
space-borne radar echo powers at asingle attenuating frequency. We quantify these ambigu-
ities matheinati cally, and examine their eflect on various proposed rain-rate profile retrieval
algorithms. When the given data consist of a single radiometer icasurement together with a
single-look- angle single-frequency set of range-compressed echo powers, we show that several
subst antially different rain profiles can realistically be considered solutions.  On the other
hand, if the data consist of asingle-look-angle two- frequency set of echio powers, the inversion
problem generically has a unique solution. We note that traditional “back-of-the-cnvelope”
arguments can be quite misleading in assessing the extent of the ambiguity, even in the
simplest cases.




1 Introduction

The problem of estimating the vertical rainfall profile from mecasurciments obtained using
an active narrow-band air- or spacc-borne radar has alrcady been studied extensively (sce
for example Atlas and Ulbrich ] 977, 1fujita ] 983, litschicld and Bordan 1954, Marzoug and
Amaycenc 1991, Meneghini 1978, Meneghini and Nakamura1990, Weinman et a 1990, among
many others). In order to approach the p roblem mathenatically, one needs to nodel the
dependence of the received power on the rain rate itself, Traditionally, one then proceeds
to count the number of cquations and the number of unknown variables, assuming the
variables in the modcel have been discretized: if the number of equations exceeds the number
o f wvariables, conventional wisdom dictates that an unambigous solution must exist.  Qu
the other hand, if there are more unknowns than cquations, oncmight look for additional
constraints that might force a unique solution. ‘1'here arc two important drawbacks to such
an approach. The main one is that there is no guarantee that the cquations one gets will
be independent (indeed, as we shall sce, in some simple realistic cases, they are not). A
more basic shortcoming is that the discretization is an artifact that is necessaryonly for the
implementation of an actual estimation algorithin. One would be closer to reality if one kept
inmind that the received power is a function of continous time, and the rain rate a function
of continuousrange. The most notable result using a continuous model is the one obtained
by Nitschield and Bordan (1 954). It suggests that uncertaintics inthe radar calibration can
lead to sizable errors. Mencghini (1976’) studicd the effect of smalluncertaintics insome of
the paramclers relating the rain rate to the measured radar reflectivies, and showed that
serious crrors could result when one uses various inversion algorithins. In this paper, we
investigate the ambiguitics in the rain rate profile retrieval problem that are due to the
varying naturce of {he rainfall itselfl 1'hese inherent errors arc in addition to the errors due
to the eventual instability of the inversion algorithim used, and to the random noise-induced
fluctuations. Indeed, as we SJIOW in this paper, these ambiguities do not disappear if one
uscs a numerically stable inversion mcthod, such as the surface-reference technique proposed
by Mencghini and Nakamura (1 990), or the one proposed by Marzoug and Amayenc (1 991).

A morc subtle complication is the fact that the ambiguily issue is a scientific one rather
than a purely mathematical one: indeed, one need not be concerned about the uniqueness of
anc ventualsoluti Oil, but rather about the diflerence between multiple solut ions, if any. For
example, while the single-frequency case turns out to be unaceeptably ambiguous, additional
measurcments with a different look angle turn the probleny into one which admits non-umque
solutions that arc notsignificantly different. We will use simiple continuous models similar
to the one used by 1itschfeld and Bordan (1 954) to examine these issues, starting withthe
single-frequency case. I the examples, we shall be most interested in the case where the
single frequency is o~ 13.8 Gllz, the frequency of the Precipitation Radar of the Tropical




Rainfall Mcasuring Mission (TRMM - sce Theon and Pugono, 1988).

2 Single frequency -- Hitschfeld-Bo rdan approach

l.et us begin by reviewing the classical result of Hitschield and Bordan’s. We usc the simple
model that the calibrated effective reflectivity p(r) measured by a nadir-looking monostatic
narrow- band radar, fromn range 1, is proportional to the reflectivity cocflicient 7 () of the
rain at range r, and to the accumulated attenuation fromrange O to range r, assuming that
r = 0 is the range at the top of the rain cell. Calling k() the attenuation cocflicient at range
r, and in the absence of noise, thisis cquivalent to assuming that the calibrated reflectivity
is exactly givenby

p(r) = Z(r)1 - 02 f] k(1)dt 1

Following Iitschicld and Bordan, let us assumnc that we are given p and need to deternine 7
and k. lmpirically, il sceins reasonable to assumne that 7 and & arc related to the rain rate
It(r)by equations of the formZ= « It* and k= a IR” where the paramncters @, b, & and
B arc to be determined. So we substitute this expression for 7 and kin (1), and proceed to
solve for I¢. As in(Hitschfeld and 13ordan1954), the solution is
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1'hus, if @, b,a and B were known, (2) would deterinine R uniquely. Indeed, recent studies
show that if three of these four paramecters are assumed known a priori, and if onc extra

measurement such as a radioincter reading is used to determine the remaining parameter,
then one can calculate the underlying rain rate /¢ exactly.

Since it is highly unlikely that a, b, @ and f can be known exactly, there remains to
quantify the eflect on 12 of an crror in a, b, a or . Indeed, any value of (a,b, a, 8) will
give a yain rate profile 72 whose resulting returns will amount t o the measured effective
reflectivity. Just how different can two It's obtained using two diflerent o’s get? To answer
sue]) questions, w e start with the empirical ly-verified simplifying assumnption that the rain
reflectivity and attenuation cocflicien t arc indeed related to the rainrate by power laws.
Thus, the calibrated cffecti ve reflectivity p(r) reccived frorrirange - is related to the rain
rate 2(1) at ran gest <r by

))(7,) - a]{(,,,)b]o"(iﬁaf; lf(t)ﬂdt, (3)




where @, by o and 8 are parameters to be deternined. Assuming that these parameters
remain constant throughout the rain column (a convenient simplifying assump-
tion which we shall do away with in section 4), we arc interestedin finding out if
itis possible that two diflerent sets of rainfall parameters {7¢(r), @0, bg, cvg, M} and
{Ja(7), a1, by, 0,51 } give rise: to the same eflective reflectivity p(r), ant], inthat
case, how different 12, ant] /%1 can be.

As afirststep, let us consider a siimple version of this problemn: supposc that a, b, and
£ arc fixed and assuined known, that we are given J2g(r) and @o, and let us try to determine
under what conditions a different Ity (r) and oy could still give rise to the same eflective
reflectivity profile, i.e. would satisfy

alty (r)P10702 5 Ot Iy (p)0] oo 0200 fg Bo()fdt (@)

at, all rangesr. Writing I for the ratio 12y /Ro, interchanging terms on cither side of the
equality, thentaking thelogarithimof the two sides, onc cantransform (4) into

- 0. 2r% log (10)
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which, when differentiated with respect to 7, becomes
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in which 7' denotes the derivative of I with respect to range. 15q. (6) can be rewri tien as
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which, when integrated with respect to range, gives
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We can now solve for 17, and find that for any value of oy, there is a new rain rate profile
Iy (), namely

(8)
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which can be responsible for the same effecti ve reflectivity power as Ry,




A convenient rough measure of how different such an 12 is {rom the original 12y is the

value of the non-negative quantily (3(7)-(%{3 — 1)%, the square of the relative diflerence
between 12y and Tio (the closer Q is to zero, the smaller the difference). 1t is encouraging
that, in this simple case where only the parameter o is not assumed known, ¢(0): O. Wc
scem to be ofl to a good start: the difference is intially tiny. To get an idea of ils cvolution
with increasing range,once can compute its derivative %(;)—.U]'ndcr the additional simplifying
assumptionthat #:=- 1 (an empirically reasonable value), oncfinds that

@ 20000 - =) 7)1
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wliereas £L g(r) = 10Q 2+Q2 Js “‘J(t)‘”,g’(?‘):&2—5'0ﬁ1}95g-9)-g(7‘). The terms within the first
brackets arc al positive. T'he mumnerator inthe second bracket is positive as soon as r > 0.
The denominator is positive at » = O and it is continuous, hence, as long as it doesn’t
vanish (and we have been implici Uy assuming it remainsnon-zero over the realistic range),
the denominator remains positive also. T'hus () is monotonically increasing as a function of
range. Thisncans that while the difference between Iy and Ry always starts out small, it
must increase steadily with range. In fact, given any value ¢ > 0, onc candctermine the

range 7, al which Q(r¢) will reach the value ¢*: indeed, one finds that ». would have to
sal isfy the equation

(10)
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w] 1ere 12570 = Tl( Jie Ro(1)dl is the current average value of therain rate. Onecan scc from
(11 ) that Q canexceed the value 1/4 very quickly, allowing us to produce arain profile that
quickly decreases to one-half the value of the original rain profile while still producing the
same cflective reflectivity. Figure 1 shows just such an exainple: we chose oz 401 rin/hr,
b:=1.5, f= 1,0, = 0.036, thencomputed I according to (9) with a; = 0,018. These
valucs arc well within the docuinented bounds {for the parameters in this model (sce, for
example, Atlas and Ulbrich 1974, Battan 1973, Ulbrich ] 983 note that our k is Ulbrich’s
A) for radar frequencics near 13.8 Gllz, the frequency of the TRMM radar. As is evident
from the graph, Iy reaches 20 mmn/hr at range 1y, & 3.3 k. Figure 2 Snows the Case where
Ity is still assumed constant, equal to 20 imin/hr this time, and @ = 0.018, «y:0.036:
Iy can again be computed from (9), and in this case the denominator shrinks quickly to
zero after a few kilometers. Figure 3 shows what happensin a Case wherethe original
p rofile lo is not constant. Indeed, the profile used as g in this example is essentially
the fifth sample profile studied by Fujita (I 983), and is represented by the dashed curve.
Taking @o = 0.018, aj: 0.036 produces a new rain rate profile &1 which quickly diverges
by over 1 00% from the original. Figure 4 shows what happens with the same I, but with



@1z 0.018,00 = 0.036. In all four cases, the relative crror dots indeed grow steadily with
ralige,toutl accept ablelevels.

1 .et Us proceed to the general case: given rain data {2o(r), @0, bo, o, By}, we are Jooking
for {11(7"), a1, by, a1, By} suich that

a I (7,)b, 10- 02 [y B (P dt aolio(ryo1n. 020 Jo Ro(t) Podt. (12)
We transform this equation by
1) dividing bothsides by al,
2) raising both sides to the power 8, /b, then

3) multiplying both sides by - 0.2log(10)ay 3 /b;.

The equation then becomes
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Integrating bothsides gives
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Taking the decimallogarithm of both sides, diflerentiat ing with respect to »,then simplifying;
the result, we finally obtain
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This is the equation we have been looking for. Before using it, let us check that it reduces
to (9)inthespecial case where only « is allowed to vary. Ihnideed,inthat case, (15) canbe
rewritien as

Raolr 107" 0.250 f’ leo(z)f*dt
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which isindeed equivalent to (9).

I turns out that the new rain rates 123 obtained using (15) canbe at least as ill-b chaved
(from our perspective) as those encountered earlier inthe special case. Indeed, figure §
shows the case where J2o is asin figure 4, bul with parameters sclec ted as follows: ag/ay =
0.73,bg= 1 .24,by=- 1.8, co=" 0.018, «:0.036, Bo=0.98, B1= 1.18. The diflerence between
Ro and Iy is substantial. A1nother example is shownin figure 6, where the parameters are:
aofar=1.03,bp=1.34,b;: 1.64, c% :0.018,a;: 0.036,/3,: 0.9 S,/?,= 1.18. Onccagain,
the difference is very substantial. 1'his exainple is perhaps more remarkable Ijc.cause both
profiles actually share the same average (=~ 50 mm/hr). Thus, even if we had a reliable
cstimate of the average amount of rain over the whole column under study in that casc,
wc would still not be able to decide between fto and Ity (and the continuum of possibilitics
between and around them).

3 Single frequency -- Surface-Reference approach

Before going on 1o less simplified rain reflectivity models, let us examnine the ambiguitics
when, instecad of using the directly mecasured effective reflectivitics as our starting point,
we usc surface-referenced data as proposed by M arzoug and A mayenc (1 991) instead, i .c.
if we divide p(r) at every range 7 by p(r,), where r; denotes the range to the surface,
Writing o for the surface backscaticring cocflicient, a derivation identical {o thc one we
used above to obtain (1 5) shows thal two sets of rain data {/¢(7),@0,b0,0,, 5 , , and

{1t (1), @1, by, 01, By, 01 } give rise Lo the same surface-referenced effective reflectivities if
o3 Ya
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13y varying the various parametersin (1 8), onccan again easily produce different rainpro-
files that give the same surface-I(:fclcl)ccel echo profile. This highlights the fact that these
am biguitics arc inherent in the single-frequency p roblemn itself, and arc not artifacts of the
inversion method used. Morcover, as inthe litschicl d-13ordan app roach, the error duc to
these ambiguities manifestly contributes exponentially with range.

We illustrate this cflect by considering a constant rain rate profile 125 = 20 nim/hr, and
using (18) to compule two profiles that would have produced the same surface-referenced
cffective reflectivities, in the two cases where

]) xg = 002, aj = 003, ,H() B 098, [7’1 z ]08, I)O H ]/], ll] - ],6, and g? - 1.5 %¢
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2)o: 003, a; = 002, fFo=- 1.08 fi: 098, bo:1.6,b;: 1.4, and ge: 075,

Figure 7 shows the two corresponding profiles. Assuming that we have perfect knowledge
of the(possibly raill-modified) surface backscattering cocflicient, i.e. assuming that o =-
0,, these two cases show how a rclatively sinall change in the parameter @ can kead to
significantly different associated rain rate profiles. Case 1 corresponds to the situation where
a; = 1 .bag, which happens for example whenag = 250 anday= 375 (the units are such
that 7 is expressed in mm® - m 3). The resulting rain rate It is almost 100 % below /o
: 20 mm/hr. Note that, in this case, the total path-integrated attenuation is ahnosst the
same for the two profiles: 1.3 dB for the profile 12, and 0.98 dB for I2;.This is significant,
because, in practice, when one has an estimate of the surface backscattering cocflicient o to
usc inthesurface-reference method, one would have a (inore or less ac.curate) estimate of the
path-incgrated attenuation as well, and that estimate could be used to refine onc’s estimates
(as is proposed in Mencghiniand Nakamura, 1 990). This first examnple shows that evenin
this case, significantly ambiguous profiles can still exist, with no exploitable difference in
the total path-integrated attenuation. As to case 2, it corresponds to the situation where
ay = 0.75ap, which happens for example when @ = 400 and a;= 300. These values for
the cocflicient @ are well within the published ranges found by regression analysis (Battan
1973,Ulbrich 1983). The profile Ryinthis case is almost 100 % greater than ffo. Thus,
even when the surface backscatticring cocflicient is known exactly, thesurface-reference rain
retrievalinethod still has large inherent ambig uitics.

One can interpret these two examples in adiflerent way, assuming that the paraincter
a is known exactly (i.e. that @ = 0]). Specifically, th ese two cases show how a rclatively
sinallchange inthe value of the surface backscatliering cocflicient o can lead to significantly
different derived rain rate profiles. Indeed, with @ = a, the first case shows that a 1.7 dB3
decrease in 0o (which corresponds to oofo1 = 1 .5), along with small changes in the remaining
paramecters, resulls inan underestimate of the true rain rate flo= 20 1mn/hr that is almost
100 % short of the correct value. Similarly, the sccond case shows that incrcasing 0g by
1.2 dB (so that 0o/01:0.75) produccs an overestimate of the true rain rate. Allowing for
simultancous uncertainties in the parameter « only aggravates the ambiguity.

4 Single frequency — Drop-Size-Distribution approach

Let us now remove the assumption] that the 77— IR and k- I2 relations are constant throughout
the rain colummn. Rather than allow these quantities to vary arbitrarily, we express 7, k and
R dircctly in terms of the drop size distribution. Indeed, if N(D)d1) denotes the nuinber of

9




drops per cubic meter whiose diameter is between 1) and D -| 1) mm, then

e /])6 N(D)dD mm®/m® (in the Rayleigh approximation), (19)
- / 4343 0(D) N(DYdD dI3/km, (20)
1= [ 6n 1071 o(D) DS NW)YAD mmfhr, (21)

where o (D) is the total absorption-aiid-scaticring cross-section for a drop of diarncter 1),
andv(D)) is the drop fall velocity inm/sec. 1oinake these expressions practically uscful,
we need to replace N(1)) by a physically reasonable analytical expression, then preform the
required integrations. Following Ulbrich (1 983), we shall assumec that N(D) is I-distributed,
i.e. that

N(D)= Np D" 1P/ 0 < D < oo (22)
with N, m and 1 the paramcters of the distribution. 1y, this notation, 7J denotes the
average drop d jameter andm ist 1ie “curvature” parameter of the distribution. ¥or oy(1))
andv(D)), Atlas ant] Ulbrich (] 974 and1977) have shownthat power-law approximations
arc adequate provided the coefficients arc appropriately chosen. Using the relations

4343 oy(D)=1.85.1071 1273 (23)
at 13.8 GH7 (in the Rayleigh approximation, sce Atlas and Ulbrich 1974, Kozu 1991), and
v(l)) >~ 3.781)~"~7 m/scc (249)

(sce Atlas and Ulbrich 1977) our three quantitics Z, k and I arc given by

77 mi-} 6
Z o~ T(m i 6)(;{) Ny (25)
/])'\ m-.4,27
ko~ 1.85 . 107 1(m - 4.27) (~ ) Ny (26)
™m
/7) m- 3.67
R~ 7.1. 10-31'(?)1 -13.67) ?) N (27)
\h

Our 7 - It and k — I rclations can now be expressed as
. G m) DA
Z = 1408 . M0 T 00 CoJ? 28
1'(3.67 -| m)Km) 7t (?8)
@27 Am) D0

k=0.026 o e I, (29)
1'(3.67 -Im) 71y
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and our problem is tofind 12(r), m(r) -ant] D(r), given our measured (calibrated)
radar reflectivities p(r). It is important to point out that, although (28) and ('29) scem to
imply lincar relations between k, 7 and 12, this is not the case. Indeed, we are not. assuming
that the variables I, m and ]W)ﬁ arc 11|d(‘])(11d(11L (in fact data suggests that D and I arc
closcly correlated), or thatl their covariances cannot change with range. once it is noticed
that 12, m and 1 may be closely rcalted to onc another, and that these relations may change
with range, it becomes clear that formulas (28) and (29) can indeed be approxiamted by

power laws under appropriate additional assumptions.

Under these assumptions, and using this notation, the problem is: given rain data
{12o(r), mo(r), Do(r)}, are there any different data {125 (1), mq(7), D1(r)} satisfying

140§ 71 -16) ])1 299 ]( ) 10- 0.2 [ 0.026- {4 4.81) ,!f’,ll%g)m.m(z)dl (30)
T (r) -1 3. 67) i () ) ! '

1408+ LMD 16) - Do) T gy gm0 f;0one SR Tatye ot a
1'(7220(?) | 3.67) 7220(7)

and, if so, how diflerent can fo and 12y be?

To answer this question, we shall use the same mathematical derivati on that gave us
(15), starting with (30) this time. Specifically, we

1 ) multiply both sides of (30) by-0.0052103(1 )11(4)274”11%1
[ my ( 1

2) integrate {rom O tor,
3) isolate 10702 Jo 0026 (XGm (44.27) /1(ua(@43.67)-(Dy((/ma () S0 dt () e a4 side
4) take the decimallogarithm of both sides,

5) diflerentiate with respect to r and simplify the result.
When applied consccutively, these steps will transform (30) into
- 0.6 ,
(1’4&1‘)!_’%11) I'(r)10 92 Jo Fo(1)dt

(7)1 (1)
() = Ro(r) — e 31
T LT S A T ST O

- 1.73
where 1¢ '7) :::;J(’))j 8: E:Zz%))jlli)i;_%) (%i;{%%j’%%) , I"'(r) denotes the derivative of 17 with

respect to 7y and ko(r) is the attenuation coeflicient for the profile to(r) as in (29). The
most striking resemblence between this equation and its power-law counterparts (1 5) and
(18) is the fact that the ambiguitics contribute exponentially with range.
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To illustrate the usefulness of (31), we shall deterine the diflerent ambiguous profiles
that would produce the same cffective reflectivity profile as a constant J¢g = 20 mmn/hr,
using the cllol~-size-distril ~lltioll modecl. 1 3efore we canappl y (31), we must first determine
the realistic range of values that we need to consider for 1 and 1) for rain rates of about
20 mm/hr. To do that, we usc the documented empirical analyses of the relation between
observed valucs of 7,k and K, when 12 is near 20 mm/hr. Since these regression analyses
produce power-law 7 - IR and k - I rclations, we shall try to rewrite (28) and (29) as
Z:all and k= altf respecti vely, with b= 1.5, f= 1, and I2 = 20 mmn/hr, and try to
determine the values of m and 1) that produce values of @ and & within the range observed
by the empirical analyses (see Battan 1973, Kozu 1991, Kozu and Nakamura 1991, Ulbrich
1983), The values of m and 1) that we considered, along with the corresponding values of «
and o for I =20 mm/hr, arc shown in table 1. Based onthese values, let us examine the

[m | D] e ]| o |
[1/2 |1/8 ] 48 | 0.026
1/2 |1/4| 241 |0.0393
1/2 | 1/2 lz15 {00059
1 [1/4| 60 |0.0278"
_1*|1/2 305 | 0.042
1 |34 | ™84 | 0.054
2 | L2} 91 | 0.031 |
2 1 7| 457 0.0477
2 | 2 2208 0.072
3| 1/2| 50 | 0.027
3 [ 1 | 250 |0.0412
3 | 217260 T0.0625 1
4«| 1| 173 [0.035 |
4 |3/2 | 445 | 0.048
4| 2 | 810 1,0.057 |

Table 1: 11S1 ) paramcters © power-law correspondence at 2(1 mm/hr
following four cases:
o cascl: mo = 4, Dg= 15, my=- 05, 1)y=- 0.25.
. Case 20 mo: 05 Do: 025 my:4, 1), = 15.
. case 3:mg: 4, Do= 15 my=2,1;=1

e case 4 g = 2,P0:1,my = 4, D;: 15.
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Sincemand ]) arc not likely to remainconstant over long segments of the rain columun, we
restricted our attention to ranges betweerir= O and r = 3 k. Figure 8 shows the graphs
of the profile Kyincach of these four cases, as givenby (31 ), Theresults show, once again,
that the intrinsic ambiguitics arc very severe. Indeed, the profile 18 of case 1 diverges from
the constant 80 == 20 imn/hr very rapidly. While 12;in cases 2, 3 and 4 diverges morc slowly,
the relative error (42 -- o)/ Ro dots reach -45 %, -25 % and 37 % respectively already when
r=2.50 km. It is also interesting to note that the attenuation factor « is almost identical
for the four profilesin cases 3 and 4: an additional attenuation measurement would not be
suflicient to distinguish between these two cases.

5 Two beams

How can wc attempt to clear up the kind of ambiguity described in the previous two scctions?
Onone hand, one might look for iiprovements to the physical model of the dependence of
the effective reflectivity on the rain rate, as we started to do inthe previous scction. I'or
example, one might try to imposc some conditions on the paramcters a, b, o and 8 (or m, 1)
and I?), such as bounds on their ranges or functional relations between them which arc
justified somchow by the physics involved. Suchianapproach is likely to turnan already
quite simplified model into one that is unrealistically constrained. In any case, improved
modcls arc likely to involve more ambiguity-p roducing paramcters rather than fewer, The
model we have been using,in spite of its simplicity, remains quite uscfulinunderstanding
the problem at hand. In fact, because of its simplicity, the model that assumes powcer-law
Z-Randk — R relationships can be usedto test the ability of any improved measurement
scheme to discriminate between the ambiguitics uncovered so far.

Thercfore, rather than modify our simple model, let us consider modifications to our
data-gathering scheme. It is apparent from the previous sections that one of the mainreasons
for the difficulty infinding aunique rainprofile given its effective reflectivity profile is that
the reflectivity and the accumulated attenuation both contribute to the mcasured eflective
reflectivity for any givenrange, in prop ortions that arc controlled by uncertain parameters.
Onec might therefore look for ameasurement scheme that can yield data where the effect
of reflectivity on one hand and attenuation on the other arc more easily sceparated. One
such approach, somewhat similar to the stercoradar idea proposed by Testud and A 1 nayenc
(1989), requires thatthe radar probe the raincolumnat iwo distinct incidence angles, say ()
(nadir-looking)and O (greater than,butnot too far from O), andthat within the volume of
the two beamns the rain rate is homogencous horizontally (it may depend on altitude only).
This radar viewing configuration is graphically illustrated in figure 9. Unlike the scheme
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proposed in (Testud and Amayenc 1989), we shall not try to usc the effects of the motion
of the platform carrying our radar. in fact, we specifically assume that the two radar bean
angles are not symmetric with respect to any planc normal to the ground - what we do
ask of the two beams is that the radar returns which they produce from any given layer
have differing attenuations (due to diflerent travel times).  For such radar returns to be
comparable, we also assume that beam angle O is sufliciently small so that we may assuine
that the rain reflectivity and attenuation are cssentially independent of the radar bean
angle: thcy can depend on altitude only, not on the horizontal coordinates. For stratiform
rain, these arc not particularly restricti ve assumptions.  Yor highly convective situations,
these assumptions might force O to betoo close to O to provide any significantly diflerent
path-integrated attenuations.

Inany case, under these assumptions, the effective reflectivity p(r) measured from range
r along the nadir angle is of course still given by (3), bul the calibrated effective reflectivity
po(r) from the same range (see figure 9) at angle O is now given by

po(r) = alR(r cos 0)"] 07 0.2a [ °° p(i)fayy cos. (32)

comparing the eflective reflectivities along the two incidence angles at the samme altiude
rather than the same range, say at that altitude which correspondsto vertical range », (r1c
finds that if two scisof rainfall paramecters {R0o(r), ao, bo, cxo, Bo} and {Fa (1), @y, by aq, B}
arc to produce the same reflectivity levels along both directions, they must satisfy

ay Iy (r)107020 Jo @0y g Rg(r)te1 07020 [ Tt et (33)
(L]]il (7‘)b]]0—7 020 fo Iil(t)ﬁldt/cosﬂl_ ]10(2025) — a0]£0(7.)b0] 0 0.2c0 fo' Ito(1)Podif cost (34)

at all ranges r. Kqualing theratio of the left-llancl-sides withthat of the right-hand-sides
implics that

/0 (croRo(t) - a1t (t)’:* dt = 0, (35)
and that
aolto(r) i (r), (3()
al all ranges r. Therefore we must have
[477) ]/ﬂl NI a ]/bJ yho /b1
Ity = (»a»l-) R (?z?) gl (37)

Thus, in this case, 123 and %0 must be related by a power law. M 01’ cover, documented values
for 3 obtained by several authors (Atlas and Ulbrich 1977, Dovianand Zrnié 1984, Kozuand
Nakamura 1 991) using statistical regression over C-, X- and K-bards indicate that one can
rcasonably expect £ 1o be within the interval [().98, 1 .18], which forces the exponentinthe
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p ower law relating 12 and 12 to remain fairly closcto 1. Without further co nstraints, the
relati ve crror|(010/(¥1)]/ﬂ1 RYT - 1]can ill get as large as 1.74, or 174 %, when 12 exceeds
20 inm/hr, if onc uses Bo= 1.08, and if @o/ar:=2, B, = .98. Inthis case, however, we
can cssentially climinate the am biguity if we have onc additional incasurcinent. Specifically,
let us assume that we can also mncasure the average! rain rate 122%9, Mathematical ly, we are
assuming that we have an additional equation

v/oma Ry(r)dr = v 1% - /-,m Ro(r)dr. (38)
0

When we substitute the first expressionin (37) for 12y, (38) canbe viewed as a formula for

determining the lincar factor inthe power law rclating 12y to Ko, namely

(o)™, ) (59)
oy Jorer Ro(r)Pol Brdy” h

Thus, under these assumptions, every value of ) deterinines a new profile 12y uniqucly, and

unique values for the remaining paramcters (the value for o prescribed by (39), and those

valucs for al, byrequired to satisfy (37)). Specifically, the profile corresponding to /3 is

Ly Ro(1)dt
T famer Jig(1) o/ 4

Keeping inmind that the ratio fo/Bihasto be very close to 1, onc cansce that any profile 12,
satisfying (40) cannot be very far from the original profile {to. Let us quantify this ambiguity
more precisely: how far off could we be if we tried to usc all the data we arc assuming is
available (i.e. power versus range in two beam angles, plus average rain rate), with 4= 1.08,
tosolve for the rain rate? Wc can answer this question by calculating the relative squared
error () between the rain rate Jto obtained in this fashion (i.e. with fo=- 1 .08) and any rain
rate I2;that is equally consistent with the data at hand, i.e. any J¢; satisfying 40 for some
value ;. Calling the ratio 1.08/8;= 1 - ¢, we find that

rmas Joo(1)dl 2
Jor o) tolr) 9 |

1 (v) Ro(r)Pol P (40)

Oy =[-—0__ . 1
2( ) (lf(;najfo(i)],} ((li (41)
L.et us cal
Roppan = sup f2p(r), the maximuin valuc of R,
.,
Rovin = i11!f]£(,(1'), theminimum value of 72,

Assuine ¢ > 0: since Ro(r) < Roea, we must have (Fo(1)/ Briaa) ¢ < Ro(1)/ Roiao, therelore

g R[5 R0

T Tty aed ™ o (Bgt) Byt P00 Mo ) 2 Ui )" (42)
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Similarly, since Ro(r) > R, we must have (Ro(r)/Imin )V > Ro(r)/Ronin (¢ is still
positive). Thercfore

f(:.yuaa ]io(i)di f(;'maa ]{O(t)/]gmindt
e Ty N1 1. 2 ¢ =- . N7 7 10 14 % ' min ‘ < max min (- L
frmes Jeo(1)H <di Jto(r) T (Tia(l)] o) <dli (Ro(7)/ Ronin) < (Roaw/ Bonin). (43)

Putting (42) and (43) together, we find thatif ¢ > 0

]{min ¢ ? ]'maa' ‘ ?
Q(r) < thegreater of ((7{ > - ]> or ((75’#) - 1) . (44)

The same incquality can be derived using similar considerations in the case where ¢ is neg-
ative.

We can usc (44) to get anupper boundonthe worst-case relative squared error Q, as
a funclion of the ratio J{as/ Rmins with ¢= O. 1 (th ¢ worst case, according to regression
cstinates of B mentioned above). Figure 10 shows a plot of /@ versus Ry,ay [/Iein. AS one
can SCC fromthe graph, as long as f2maz/Tmin < 5 (a very realistic bound on the variation
of the rain rate withinasingle ‘<event”), therelative error cannot, exceed 1 7% atl any range.
TTius, in this case, in spite of the fact that the theoretical solutions arce not unique, this
ambiguity is acceptable because the difference between the solutions is never too large. of
Course, theuncertainty inthe estimate of 24%9 that one would have in practice would have
to betakeninto account by any inversion algorithm.

There remains to verify that the tilt angle 0 docs not need to be prohibitively small.
Working backwards, wc usc (32) to note that thedifference betweenthe echo powers along
the nadir andtilted look angles is 10 log, o(1/ cos 0). Using Rayleigh fatling as our benclhinark
noise level, if we usc 50 cflectively independent radar pulses to obtain our data, the r. in. s.
noisc level in our data will be 1 /v/50, or about 0.14 dB. Thercfore, for our two-ar igle power
diflerence to exceed this noise floor, it is suflicient to choose 0 sue]) that] 0log,(1/ cos 0)>
0.14, i.e. 0> 14.4°. Fromthe geometry of figurc9,it is now easy to translate thisinto the
corresponding horizontal homogeneity requirement. Specifically, if ¢ is the beamwidth of the
radar antenna, b the altitude of the tallest rain cell, and D the altitude of the platform, we
must assume horizontal homogencity over a distance of 2(0) =~ (hsin-2D¢)/ cos O. With
¢= 015°, D =300km,.=- 10 kim and O = 15° we findthat 2(15°)~ 4.3 kin, a quite
rcasonable lower bound on the horizontal resolution of this sclhieme. Finally, since the two
radar Jooks Cover roughly the same footprint onthie ground, the corresponding data takes
will have to occur al slightly diflerent pointsintime, and wencedto verify that therain ccl]
cannot change much inthe intervening time. At an altitude of about 300 kin, andassuming
anapproximate speed of | O I n/sec, the platform would need to travel for 300 tan(150)/1 () ~
8 scconds between the two data takes. Assuming an approximate fall velocity of 3.8 1067
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111/see, drops with adiamcter as large as /)= 5 mm will not travel farther than 90 mecters
inthe intervening time, or less than a typical radar range resolution bin. Thus, we conclude
that the two-beam approach which we propose is quite feasible, and should produce largely
unambiguous results.

6 Two frequencies

It is natural to expect that if we could analyze the back-scattered power at two distinet
frequencies, the problem of estimating the rain profile would be significantly less ambiguous.
Indeed, if we approximated the continuous rainrate function I(r) by a piccewise constant
version I2(nAr), 1 <n < N by choosing some arbitrary coustant ‘(layer thickness” Ar, we
would thenhave N {8 unknowns (the additional cight unknowns correspond to the param -
clers a, b, a, B at the two frequencics, assumed constant) on one hand, and 2N cquations
identical to (3) (one for every discrete layer at cach of the two frequencies) on the other
hand. Thus, as soon as N > 8, onc would be able to solve for the rain profile unambigu-
ously. of course, for that to be true, onc would have tomake sure that the 2N cquations
arc sufliciently independent. How can we find out if this is the casc?

The two-beam scenario of the last scction is one example where, had we chosen to
discretize the atmosphere into N layers, we would have ended up with 2N equations (namely,
(3) and (32) for cachlayer)and only N+ 4 unknowns, yet, as we demonstrated, the equations
would have admitted multiple solutions. The simplest two-f1cquency examnple confirms that
this canindeed happen in the case at handtoo:indced, if the rainralc is constant, many
rain rate profiles (with different a,b, «r, # values) can theoretic.ally beresponsible for the same
received powers at both frequernicics.

‘J 0 study the problein more systematically, we proceed as inthe previous section. As-
sumc thatl I2; and flo satisfy the cquations

' ' B . 7
ol () - 02 Jom@Prae L 0200 JJ Ho(w)fedt (frequency 1 ) (45)

ety (r) 1070 SLIORLI colto(r)?107 %7 Jo Hrottyfodt (frequency 2), (46)

at al 1 ranges r. A's in the single-frequency case, if we replace 2y by the new unknown
I' = 1%y [Rg, we can transformn these equations into

m (0.2 log(10)ay,6 ! 'y 0.2log(10a
I 02 logU0gsep oy I 0210g(1Qa0 g, @)
]’ b] l)] ]{(; l)]



0.2log(10 6
" 020eQ00m s do gy T
I d] (I] ]{0 (l]

together with the initial condition 74(0)- (aofar) 0 Ro(0)e/b- 1 = (eg /ey )4 Trg(0)de/di 1,
By climinating I'” between (47) and (48), we can obtain an cquation for /(1) at cach range
r, namcly

do 1o 0.2log(10)70

= I, (48)

5b d b i by [« A
/o @ ‘f‘l =P gaby .. Q0 % Yoy fto “ (-0 ]{ﬂo* B 19])’50 ﬁl) 49
! d] (l]]{ ° ! oy ]Og 10((]] I)j ]{2).{ 2 & (5] bl o (l] ‘0 ( )

We shall usc the inverse functiontheorem (I 1I'"'Y) to show that this cquation canbe solved
for J(r) at any particularr. Yor the 11T to apply, we need to make sure that the left-hand-
side of (49) is aninvertible function of /7, at least for those valucs of the paramcters fy, 6
that we arc interested in, namely values that arc very close to 1. To that end, wc cornpute
the derivative of the function f(z):=2f - Xa®: f'(2) = Baf~ ' - Aé2%1, and, as long as
A/ B/6, f'(z) is indecd non -zero. Since f is smoothin g, 6, A, it must remain generically
locally invertible for values of 3 andé closcto 1. Thus, by the inverse function theorem,
the left hand-side of 49 is generically an invertible function of the quantity I'(r). Thercfore,
generically, given constant values for the parameters a, b,¢, d, o, 8,7, 6,and once the original
profile Ito is specified, (49) admits al most one solutionin I7(r). The calculations nccessary
to obtain I explicitly arc quite tedious and unenlightening. Symbolically, we can write the
solution as

]"(7‘) = f( ]iO(T), ]’310(7‘)7 a], l)] , (Y1, ,3] ,C1, d] y Y1 61 , o, bOa o, ﬂO) Co, (ZU’ 7o, frO), (50)

where the function F is smooth inall its arguinents, including the first two. Inturn, for such
a, solution }' to satisfy (47) and (48), we would nced to substitute the expression (50) for 1
mcither (47) or (48), differentiate F as required, and make sure that the resulting equation
is satisfied. But, treating a1, by, oy, f1, ¢1, d1, 71, 61, Qo, bo, o, Bo, co, do, 70,60 as paramcters,
the resulling equation is a non-lincar second-order ordinary differential equationin /g Its
solutions can be parametrized by at most 18 paramncters (chosen from among the 16 already
al hand, together with the two initial values for floandJt's). A rain rate profile /fo which
dots not belong to this family of solutions will automatically be an unambiguous profile:no
values Of a,b, a, B8, C, d,7, 6 can produce a different profile that would nevertheless generate
the same backscattered power at two frequencics. 011 the other hand, a profile /¢y that dots
belong; to this family of solutions (such as, for cxample,any exactly constant profile, as we
pomted out earlier) remains ambiguous even with dual-frequency measurcinents. Still, since
the family of ambiguous profiles is thus parametrized by a finite number of paramecters, one
can assert that, gencrically, the two-frequency problein has a unique solution.




7 Conclusions

The formulas derived above confirm that estimating rain using a dual-frequency air- or
space-borne radar is generically unambiguous, whereas a single-frequency single-look-anigle
systemn has substantial inherent ambiguitics which additional data, such as ])ath-averaged
aticnuation, can somewhat lessen but certainly not remove, The formulas which we derived
assuming power-law 7 — It and k — R rclations, as well as the formulas based on a drop-size-
distributionmodel, arc useful for studyingspecific cases, as well as for assessing the eflect
of known uncertainties in certain measured parameters (such as the surface backscattering
cocflicient, in the case of surface-refercniced measuremnents) on the achievable accuracy of
the rainrate profile retrieval. The examples which we presented (figures 1-6 illustrating
G instances of the ambiguities in the direct profiling approach assuming power-law 7 - I?
andk — I rclationships, figure 7 illustrating incflect 4 instances of the ambiguitics when
the surface-rcfcrence approach with power-law 7 - R and k — 2 relationships is used, and
figure 8 illustrating 4 cases of thcambiguitics whenthedirect approach is used with 7 - IR
and k -- I¢ relationships bascd onthe drop size distribution)show that the single-frequency
ambiguities exceed 100 % in gencral, and can easily cexceed 40 % cverr when the path-
intcgrated attenuation is assumed given.

If onc{requency is all that is available, our two-stall-allglcs app roach dots reduce the
am biguitics to a point where they arc scientifically insignificant, once the path- averaged
rail]-rate is also known. in this case, the ambiguitics should typically not exceed 20 %.

IFor systems such as TRMM, cmc must try to make the best cstimate using thesingle-
beam, single-frequency radar data, cventually with the help of radiometer imecasurements.
The results presented above highlight the need for further work inthree areas:

1) A detailed study (empirical and physical) of the interdepen dence of the paramecters

governing the 7 -- IRand k - R relations (whether one uses power-law approxinations
or rclations derived fromthe drol)-size distribution), and, as a sccond step, of the

constraints that govern their evolution with altitude. This would allow one to place

tighter constraints on the paramecters in question, and correspondingly reduce the
ambiguity which they cause.

2) Developing algorithms that can incorporate any (remaining) uncertaintics inthe 7 - R
and k -- R parameters, and produce estimates that can account for these uncertain tics
in the retrieved raitl-rate profile. Such algorithins would then quantify the resulting
uncertainty by enabling one to calculate the variance of the estimates along with the
cstimated rairl-rate values themsclves.

3) Developing anapproach that can fuse the data obtained using a single-frequency radar
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and a single- or multi-channel radiometer, and derive the best estimate for the rain
profile giventhese two sets of data.

A prcliminary summary of our progressin addressing the last two issues can be found in
(Naddad and In 1993). The details of our approach and further results will be reported in
future publications.
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Figure I

Figure 2:

igure 3:

Iigure 4

Iigure b:

FFigure G:

Figure 7:

Figure 8:

Figure 9:

Figure 10:

Figure captions

Constant rain rate J2o = 40 mm/hr and @o = 0. 036, and ambiguous Profile 12 with
oy = 0.018.

Constant rain rate o= '20 mm/hr and @0 = 0.018, and ambiguous profile I¢; with
ay = 0.036.

Rain rate profiles I2g with g = 0.018, and I2; with «a; = 0.036.
Rain rate profiles Ro with ag = 0.036, and 12, with a; = 0.018.

11.sill rate profile 12y as in figure 4 withibo = 1.240,: 0.018,/3,=-0.98, and I3y with
ay= aof0.73,by=- 1.8, oy= 0.03(; ,& = 1.18.

Rainrate profile o as in figure 4 withby=- 1.34, @o=0.018, fo=- 0.98, and I¢; with
ay = ao/1.08,by=-1.64,1=- 0,036, /21 = 1.18.

Constant rain rate fo = 20 mm/hr, with two examples of profiles that arc ambiguous
with Hointhe surface-rcfcrence approach.

Constant rain rate £20=-201m /hr, with four cxamples of profiles that arc ambiguous
with /{pin the dlo]~-size-clistliblltioll approach.

‘1’'wo-look-angle profiling scheme.

upper bound for the relative error in the two- look-angle approach.
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